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Jacobi theta functions and counting triangles

Jacobi theta function on the elliptic curve E = C / Z+7Z

All doubly periodic holomorphic functions are constant, but we can ask for
quasi-periodic functions: s(z + 1) = s(z), s(z + 7) = e ™7 27iz5(z)

Only one up to scaling!  s(z) = 9(r;z) = Y. exp(win®T + 2rinz).
(Jacobi, 1820s) sl

exp(min®t + 2min(z 4+ 7)) = exp(mi(n + 1)1 + 27i(n + 1)z) exp(—iT — 27iz)
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Jacobi theta functions and counting triangles

Jacobi theta function on the elliptic curve E = C / Z+7Z

All doubly periodic holomorphic functions are constant, but we can ask for
quasi-periodic functions: s(z + 1) = s(z), s(z + 7) = e ™7 2Tiz5(z)

Only one up to scaling!  s(z) = ¥(1;2z) = 3 exp(mwin®t + 2winz).
(Jacobi, 1820s) nez

Counting triangles in T2 = R?/Z? (weighted by area)
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Jacobi theta functions and counting triangles

Jacobi theta function on the elliptic curve E = C / Z+7Z

All doubly periodic holomorphic functions are constant, but we can ask for
quasi-periodic functions: s(z + 1) = s(z), s(z + 7) = e ™7 2Tiz5(z)

Only one up to scaling!  s(z) = ¥(1;2z) = 3 exp(mwin®t + 2winz).
(Jacobi, 1820s) nez

Counting triangles in T2 = R?/Z? (weighted by area)

_ Tx2/2
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Jacobi theta functions and counting triangles

Jacobi theta function on the elliptic curve E = C / Z+7Z

All doubly periodic holomorphic functions are constant, but we can ask for
quasi-periodic functions: s(z + 1) = s(z), s(z + 7) = e ™7 2Tiz5(z)

Only one up to scaling!  s(z) = 9(7; z) = Y exp(mwin®T + 2winz).
(Jacobi, 1820s) sl

Counting triangles in T2 = R?/7Z?

" L . X .]eo
Q/ ! Lo s\
L, e
= T2 T2 T2
2 120 o0
— Tx/2 ZnGZ Tan+n
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Jacobi theta functions and counting triangles

Jacobi theta function on the elliptic curve E = C / Z+7Z

All doubly periodic holomorphic functions are constant, but we can ask for
quasi-periodic functions: s(z + 1) = s(z), s(z + 7) = e ™7 2Tiz5(z)

Only one up to scaling!  s(z) = 9(7; z) = Y exp(mwin®T + 2winz).
(Jacobi, 1820s) sl

Counting triangles in T2 = R?/7Z?

(> L _x e
Q/ ! Lo s\
L, e
= T2 T2 T2
— Tx2/2 ZnGZ T%nz—I—nx _ ewirx219(7_; TX)
(T — eQﬂ'iT)
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Homological mirror symmetry (Kontsevich 1994)

Algebraic (or analytic) geometry

Coherent sheaves (eg: Oy, vector bundles £ — V/, skyscrapers Opcy, -..)
Morphisms (+ extensions): H*hom(&, F) = Ext*(E,F).

Derived category = complexes 0 — --- — &' ALgi+l L0 / ~
Eg: functions, intersections, cohomology...
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Homological mirror symmetry (Kontsevich 1994)

Algebraic (or analytic) geometry

Coherent sheaves (eg: Oy, vector bundles £ — V/, skyscrapers Opcvy, ...)
Morphisms (+ extensions): H*hom(&, F) = Ext*(E,F).

Derived category = complexes 0 — --- — &' ALgi+l L0 / ~
Eg: functions, intersections, cohomology...

Symplectic geometry:

(X,w) loc.~ (R, 3" dx; Ady;), Lagrangian submanifolds L (dim. n, w, = 0).
Intersections (mod. Hamiltonian isotopy) = Floer cohomology

/ L
CF*(L, L") = KItNE qp dp=Tyq
(® local coefficients) 7
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Homological mirror symmetry (Kontsevich 1994)

Algebraic (or analytic) geometry

Coherent sheaves (eg: Oy, vector bundles £ — V/, skyscrapers Opcy/,
Morphisms (+ extensions): H*hom(&, F) = Ext*(E,F).

Derived category = complexes 0 — --- — &' ALgi+l L0 / ~
Eg: functions, intersections, cohomology...

)

Symplectic geometry: Fukaya category F(X,w)

(X,w) loc.~ (R, 3" dx; Ady;), Lagrangian submanifolds L (dim. n, w, = 0).

Intersections (mod. Hamiltonian isotopy) = Floer cohomology
’

, L
CF*(L, L") = KItNE qp op=Tq »
(® local coefficients) 7 L L’

Product CF(L',L")® CF(L,L") — CF(L,L"): p'-p=T3q
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Homological mirror symmetry (Kontsevich 1994)

Algebraic (or analytic) geometry

Coherent sheaves (eg: Oy, vector bundles £ — V/, skyscrapers Opcy/,
Morphisms (+ extensions): H*hom(&, F) = Ext*(E,F).

Derived category = complexes 0 — --- — &' ALgi+l L0 / ~
Eg: functions, intersections, cohomology...

)

:U: Mirror symmetry: D?Coh(V) ~ D™ F(X,w)

Symplectic geometry: Fukaya category F(X,w)

(X,w) loc.~ (R, 3" dx; Ady;), Lagrangian submanifolds L (dim. n, w, = 0).

Intersections (mod. Hamiltonian isotopy) = Floer cohomology
’

, L
CF*(L, L") = KItNE qp op=Tq »
(® local coefficients) 7 L L’

Product CF(L',L")® CF(L,L") — CF(L,L"): p'-p=T3q
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Example: elliptic curve (Polishchuk-Zaslow)

E = (C/Z+TZ, L = C2/(Z, V) ~ (Z +1, V) ~ (Z + 7, e—7ri7'—27rizv)

dimHY(E, L) =1, s(z)=9(r;z) = Zexp(winzT + 27inz).
neZ
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Example: elliptic curve (Polishchuk-Zaslow)

E = (C/Z—i—TZ, L = C2/(Z, V) ~ (Z +1, V) ~ (Z + 7, e—7ri7‘—27rizv)

dimHY(E, L) =1, s(z)=9(r;z) = Zexp(winzT + 27inz).
neZ

_ T2 _ 272
X=T°=R/Z L L,

Lo s\
E= Ll er
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Example: elliptic curve (Polishchuk-Zaslow)

E = (C/Z—i—TZ, L = C2/(Z, V) ~ (Z +1, V) ~ (Z + 7, e—7ri7‘—27rizv)

dimHY(E, L) =1, s(z)=9(r;z) = Zexp(winzT + 27inz).
neZ

_ T2 _ 272
X=T°=R/Z L L,

Lo s\
E= Ll er

Lo = L =5 L,
v

e s= e ey ~ evaluation O — O
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Example: elliptic curve (Polishchuk-Zaslow)

E = (C/Z—i—TZ, L = (C2/(Z, V) ~ (Z +1, V) ~ (Z + 7, e—7ri7‘—27rizv)

dimHY(E, L) =1, s(z)=9(r;z) = Zexp(winzT + 27inz).
neZ

_ T2 _ 272
X=T°=R/Z L L,

Lo s\
E= Ll er

Lo = L =5 L,
v

e s= e ey ~ evaluation O — O

= oo TV 2 32 TH1?/2
— Tx2/2 ZneZ T%n2+nx
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Example: elliptic curve (Polishchuk-Zaslow)

E = (C/Z—i—TZ, L = (C2/(Z, V) ~ (Z +1, V) ~ (Z + 7, e—7ri7‘—27rizv)

dimHY(E, L) =1, s(z)=9(r;z) = Zexp(winzT + 27inz).
neZ

_ T2 _ 272
X=T°=R/Z L L,

Lo s\
E= Ll er

s e
Lo =5 11 5 L,
v

el.g:eo €9 ~ evaluation O — Oy

= oo TV 2 32 TH1?/2
— Tx2/2 ZneZ T%n2+nx _ e7ri7'x219(7_; TX) (T _ e27ri7')
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Homological mirror symmetry: towards a general setting

© Projective Calabi-Yau varieties (¢; = 0):
T? (Polishchuk-Zaslow), A (Kontsevich-Soibelman, Fukaya, Abouzaid-Smith),
K3 surfaces (Seidel, Sheridan-Smith), Xy—ps2 C CP"? (Sheridan), ...
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Homological mirror symmetry: towards a general setting

© Projective Calabi-Yau varieties (¢; = 0):
T? (Polishchuk-Zaslow), A (Kontsevich-Soibelman, Fukaya, Abouzaid-Smith),
K3 surfaces (Seidel, Sheridan-Smith), Xy—ps2 C CP"? (Sheridan), ...

© Fano case: CP", del Pezzo, toric varieties ... (LG models)
(Kontsevich, Seidel, Auroux-Katzarkov-Orlov, Abouzaid, FOOO ...)

April 13, 2021
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Homological mirror symmetry: towards a general setting

© Projective Calabi-Yau varieties (¢; = 0):
T?2 (Polishchuk-Zaslow), T2" (Kontsevich-Soibelman, Fukaya, Abouzaid-Smith),
K3 surfaces (Seidel, Sheridan-Smith), Xy—ps2 C CP"? (Sheridan), ...

© Fano case: CP", del Pezzo, toric varieties ... (LG models)
(Kontsevich, Seidel, Auroux-Katzarkov-Orlov, Abouzaid, FOOO ...)

© General type case, affine varieties, etc.

Riemann surfaces, compact (Seidel, Efimov) or non-compact
(Abouzaid-Auroux-Efimov-Katzarkov-Orlov, Lee, ...)

hypersurfaces C (C*)" or toric varieties (Gammage-Shende, Abouzaid-Auroux, ...)

. and beyond
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Homological mirror symmetry: towards a general setting

© Projective Calabi-Yau varieties (¢; = 0):
T?2 (Polishchuk-Zaslow), T2" (Kontsevich-Soibelman, Fukaya, Abouzaid-Smith),
K3 surfaces (Seidel, Sheridan-Smith), Xy—ps2 C CP"? (Sheridan), ...

© Fano case: CP", del Pezzo, toric varieties ... (LG models)
(Kontsevich, Seidel, Auroux-Katzarkov-Orlov, Abouzaid, FOOO ...)

© General type case, affine varieties, etc.

Riemann surfaces, compact (Seidel, Efimov) or non-compact
(Abouzaid-Auroux-Efimov-Katzarkov-Orlov, Lee, ...)

hypersurfaces C (C*)" or toric varieties (Gammage-Shende, Abouzaid-Auroux, ...)

. and beyond

Goal of talk: give a flavor of this program
~~» HMS for all Riemann surfaces starting with D
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Homological mirror symmetry: towards a general setting

© Projective Calabi-Yau varieties (¢; = 0):
T?2 (Polishchuk-Zaslow), T2" (Kontsevich-Soibelman, Fukaya, Abouzaid-Smith),
K3 surfaces (Seidel, Sheridan-Smith), Xy—ps2 C CP"? (Sheridan), ...

© Fano case: CP", del Pezzo, toric varieties ... (LG models)
(Kontsevich, Seidel, Auroux-Katzarkov-Orlov, Abouzaid, FOOO ...)

© General type case, affine varieties, etc.

Riemann surfaces, compact (Seidel, Efimov) or non-compact
(Abouzaid-Auroux-Efimov-Katzarkov-Orlov, Lee, ...)

hypersurfaces C (C*)" or toric varieties (Gammage-Shende, Abouzaid-Auroux, ...)

. and beyond

Goal of talk: give a flavor of this program
~~» HMS for all Riemann surfaces starting with D

(focusing on HMS itself, ignoring developments from
Strominger-Yau-Zaslow, skeleta, family Floer theory, etc.)
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Example 1: JT"C(.-) ~ D(_[.)(.-) (classical)

X=RxSYw=drAndd, L,={r} xS (+ local system &)

= HF*(L,, L) ~ H*(5',K),
HF*(L,, L) = 0. r

Op=q—q=0

Denis Auroux (Harvard University) Homological mirror symmetry April 13, 2021 6/14



Example 1: FC(.-) ~ D(_[.)(.-) (classical)

X=RxSYw=drAndd, L,={r} xS (+ local system &)

= HF*(L,, L) ~ H*(5',K),
HF*(L,, L) = 0. r

Op=q—q=0

o My = {(Lr, &) € F(X)}/ ~ has a natural analytic structure
Coordinate: z(L,,&) = T'hol(¢§) € K*.
(VL', CF((Lr,&),L") has analytic dependence on z)

o (L,,¢) € F(X,w) «+— O, € D’(XY = K*)
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Example 1: FC(.-) ~ D(_[.)(.-) (classical)

X=RxSYw=drAndd, L,={r} xS (+ local system &)

= HF*(L,, L) ~ H*(5',K),
HF*(L,, L) = 0. r

Op=q—q=0

o My = {(Lr, &) € F(X)}/ ~ has a natural analytic structure
Coordinate: z(L,,&) = T'hol(¢§) € K*.
(VL', CF((Lr,&),L") has analytic dependence on z)

o (L,,¢) € F(X,w) «+— O, € D’(XY = K*)

Strominger-Yau-Zaslow: X CY, w: X — B Lagrangian torus fibration
= mirror XV = {O0p, p€ XV} = {(Lp = 71(b),§) € F(X)}/ ~
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Abouzaid-Seidel
“wrapped Fukaya category”

Example 1:

X =R x S! DLy =R x {0} non-compact Lagrangian.

Hamiltonian perturbation: H = 212, ¢1,(r,0) = (r,0 + r).
(— intersections € X" + Reeb flow at boundary).

Xint _
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. b ( ) Abouzaid-Seidel
Example 1 FWF(.-) = D .- “wrapped Fukaya category”

X =R x S! DLy =R x {0} non-compact Lagrangian.

Hamiltonian perturbation: H = 212, ¢1,(r,0) = (r,0 + r).

(— intersections € X" + Reeb flow at boundary).

CW* (Lo, Lo) := CF*(¢}(Ig), Lo) = @Kx,
i€Z

\ / / /\ i}: (Lo)

Xint
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. b ( ) Abouzaid-Seidel
Example 1 FWF(.-) = D .- “wrapped Fukaya category”

X =R x S! DLy =R x {0} non-compact Lagrangian.

Hamiltonian perturbation: H = r2,  ¢1,(r,0) = (r,0 + r).
(— intersections € X" + Reeb flow at boundary).

CW* (Lo, Lo) := CF*(¢}(Ig), Lo) = @Kx,
i€Z

L ) X-1 * . I X0
N L) ) ¢2 Lo)
R % ‘. c. / 0
R

Xint

Product: § (GE€P(L)NL <+ g€ Pt(L)NLviars2r)
#?(L)
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. b ( ) Abouzaid-Seidel
Example 1 FWF(.-) = D .- “wrapped Fukaya category”

X =R x S! DLy =R x {0} non-compact Lagrangian.

Hamiltonian perturbation: H = r2,  ¢1,(r,0) = (r,0 + r).
(— intersections € X" + Reeb flow at boundary).

CW* (Lo, Lo) := CF*(¢}(Ig), Lo) = @Kx,
i€Z

. . ‘.‘l :'.
] ) X-1 * . I X0
N L) ) ¢2 Lo)
R % ‘. t. / 0
R

Xint

Product: § (GE€P(L)NL <+ g€ Pt(L)NLviars2r)
#?(L)

X = X| = Xk+1
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. b ( ) Abouzaid-Seidel
Example 1 FWF(.-) = D .- “wrapped Fukaya category”

X =R x S! DLy =R x {0} non-compact Lagrangian.

Hamiltonian perturbation: H = r2,  ¢1,(r,0) = (r,0 + r).
(— intersections € X" + Reeb flow at boundary).

CW* (Lo, Lo) := CF*(¢}(Ig), Lo) = @Kx,
i€Z

. . ‘.‘l :'.
] ) X-1 * . I X0
N L) ) ¢2 Lo)
R % ‘. t. / 0
R

Xint

Product: A (GE€P(L)NL <+ g€ Pt(L)NLviars2r)

®*(L)

= End(Lo) ~ K[x™]. (xx ~ x¥)
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Example 1: err(.-) ~ DP(K*) ~ Abouzaid-Seidel

‘wrapped Fukaya category”

X=RxS'DLo=Rx {0} = End(Lo) ~ K[x!] ~ End(Ox).

\ /1/ " / ™ 7 /\ qSH(]Lo)
}.'.I:MXA //r.,.“. /xo Xl/ 3 /Xl } d)H LO
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Example 1: err(.-) ~ DP(K*) Abouzaid-Seidel

“wrapped Fukaya category”

X=RxS'DLo=Rx {0} = End(Lo) ~ K[x!] ~ End(Ox).

Lo generates Fu,r(X).
Yoneda: L+ Hom(Lo, L) gives an embedding Fu,(X) < End(Lo)-mod.

Example: (L,, &) — HF(Lo, (L, ¢)) ~ K[x™]/(x —z) (z = T hol(&))
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SEE war(.-) ~ Db(K*) Abouzaid-Seidel

“wrapped Fukaya category”

X=RxS'DLo=Rx {0} = End(Lo) ~ K[x!] ~ End(Ox).

N 7 T ) o)
:. . .II . . ~‘¢ . 2 : LO
S . . - S ./ . 4 e 2
AR A AL )

Lo generates Fu,r(X).
Yoneda: L+ Hom(Lo, L) gives an embedding Fu,(X) < End(Lo)-mod.

Example: (L,, &) — HF(Lo, (L, ¢)) ~ K[x™]/(x —z) (z = T hol(&))

Fur(X) ~ K[xF]-mod ~ DP Coh(X").
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= [End(Lo) ~ K[x,y]/(xy = 0).|
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= [End(Lo) ~ K[x,y]/(xy = 0).|

.. XV =SpecK][x,y]/(xy =0) = {xy =0} C A??
Fwr(X) = End(Lg)-mod ?7?
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Example 2: ]:W,(

X =C*\{-1}: Lo =(0,00), L1 = (—1,0), Loy = (—o0, —1) generate

. ”H (Lo)

(R / /JM

OK[W]/ (xv)
Lo
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Example 2: ]:W,(

X =C*\{-1}: Lo =(0,00), L1 = (—1,0), Loy = (—o0, —1) generate
n| — - OH (Lo)
yo; y

J ]LO
b vy =y @K[ny]/(xy)

Vy . Uy =Yy 0
UyK%
VyK[Y]
Ly
Kly, z]/(yz)
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Example 2: ]:W,(

X =C*\{-1}: Lo =(0,00), L1 = (—1,0), Loy = (—o0, —1) generate
n| — - OH (Lo)
yo; y

d o
by =y QK[X 71/(9)

WK% ) UXK[X]

vyK[y]

vkl N

K[y,z]/ yz) UK K[x 21/(x2)
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Example 2: ]:W,(

X =C*\{-1}: Lo =(0,00), L1 = (—1,0), Loy = (—o0, —1) generate
. wan
yo; y

by vy = y OK[X Y1/ (xy)

. “H (Lo)

J :

Vy uy =
uyK[y] [] UXK[X]
Vy]K[Y]
lK[z]
K[y,z]/ yz) el K[x 2]/(x2) + exact triangles

Lo 5 Lo —% Ly —25 Lo[1]
Ly % Lo -2 Ly %5 Ly[1]
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Lo %5 Lo —% Ly -5 Ly[1]
Ly % Lo -2 Ly —5 Ly[1]

XV ={xy=0}=AUB C A2

()Kbxy)/ (o) =R
@

Denis Auroux (Harvard University)

Homological mirror symmetry

April 13, 2021 11/14



Ly 5 Lo —% Ly % Lo[1]
Ly % Lo -2 Ly —5 Ly[1]

XV ={xy=0}=AUB C A2

()Kbxy)/ (o) =R
@

K[%
yKly]

Oa
A:{x=0}

Hom(O, 04) = Homg(R, R/x) ~ R/x = K]y]
Hom(Oa, ©) = Homg(R/x, R) ~ yK|y]
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X =C*\ {-1} D Lo, Ly, Lo XV ={xy =0 =AUB C A2
OK[XJ]/(X)’) OK[XJ]/(XY) =R
Lo (@]
u, K[y] WK uxK([x] Kly]
WD) YKyl
vzK[z]
Ly W 2 COA
Kly,2]/(yz2) K[x,z]/(xz) | Kly,z]/(yz)
u Hom(O, O4) = Homg(R, R/x) ~ R/x = K
Lo iy Lo AN Ly BN IL2[1] HZmEOA,(S; = HgmggR/x,/R; ~ y]I/ﬁ[y] W
L1 —% Lo 2 Lo -5 Lq[1] Hom(Oa, Oa) = K[y], Ext?*(Oa, 0a) 3 2.

Denis Auroux (Harvard University)

Homological mirror symmetry April 13, 2021 11/14



Lo %5 Lo —% Ly -5 Ly[1]
Ly % Lo -2 Ly —5 Ly[1]

Denis Auroux (Harvard University)

V={xy =0} =AUB C A?

OK[X YI/(xy) = R

. [% NQ[X]
YKyl
vK[z]

Kly, Z]/ (yz uk[z] K[x 2]/(x2)

Hom(O, 04) = Homg(R, R/x) ~ R/x = K]y]
Hom(Oa, ©) = Homg(R/x, R) ~ yK|y]

Hom(Oa, 04) >~ K[y], Ext?(Oa, 04) > z*.

same for Opg
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Lo %5 Lo —% Ly -5 Ly[1]
Ly % Lo -2 Ly —5 Ly[1]

V={xy =0} =AUB C A?
Oley]/xy)

K[y]/ N@]
YKyl
vK[z]

uK|z]

Kly, Z]/()/Z K[x z]/(xz)

0 =5 0 -5 04 -5 05[]
On 25 0 1 05 -5 O4[1]

Theorem (A-A-E-K-O)

Fur(X) ~

Db Coh(X")

Denis Auroux (Harvard University)

Homological mirror symmetry
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Example 2: F,,( ) =~ D5 (C3,—xyz)  (aaEko)

sing

X =P\ {-1,0,00} +— XV = {xy = 0}:
@ Fur(X) = DPCoh({xy = 0}) lacks symmetry in x, y, z.
@ how to extend to higher genus? — gluing (G?
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Example 2: F,,( ) =~ D5 (C3,—xyz)  (aaEko)

sing

X =P\ {-1,0,00} +— XV = {xy = 0}:
@ Fur(X) = DPCoh({xy = 0}) lacks symmetry in x, y, z.
@ how to extend to higher genus? — gluing (G?

Stabilization: X ~ {x+y +1 =0} C (C*)2.
(X =BI((C*)?x C,X x0), W=pc) +— (X¥=C3 WY =—xyz).
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Example 2: F,,( ) =~ D5 (C3,—xyz)  (aaEko)

sing

X =P\ {-1,0,00} +— XV = {xy = 0}:
@ Fur(X) = DPCoh({xy = 0}) lacks symmetry in x, y, z.
@ how to extend to higher genus? — gluing ?

Stabilization: X ~ {x+y +1 =0} C (C*)2.
(X =BI((C*)?x C,X x0), W=pc) +— (X¥=C3 WY =—xyz).

Theorem (A-A-E-K-0)

Fur(X) =~ D5 (XY, W) := DPCoh({xyz = 0})/Perf. (Orlov)

sing

(Lo, L1, Lo) <— ([O1z=0}]; [Ofx=03]; [O1y=0}])
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Example 2: F,,( ) =~ D5 (C3,—xyz)  (aaEko)

sing

X =P\ {-1,0,00} +— XV = {xy = 0}:
o Fur(X) =~ DPCoh({xy = 0}) lacks symmetry in x, y, z.
@ how to extend to higher genus? — gluing ?

Stabilization: X ~ {x+y +1 =0} C (C*)2.
(X =BI((C*)?x C,X x0), W=pc) +— (X¥=C3 WY =—xyz).

Theorem (A-A-E-K-0)

Fur(X) =~ D5 (XY, W) := DPCoh({xyz = 0})/Perf. (Orlov)

sing

(Lo, L1, Lo) <— ([O1z=0}]; [Ofx=03]; [O1y=0}])

This result extends to all Riemann surfaces (AAEKO, Seidel, Efimov, H. Lee).
Mirror (XY, WV), dimXY = 3. (Hori-Vafa, A-A-K)
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Geometry of (XY, W) (Hori-Vafa, Clarke, Abouzaid-A-Katzarkov,

For an affine plane curve ¥ = {f(x,y) = 0} C (C*)?2, mirror:
XY = toric CY 3-fold determined by tropicalization of f,
WY e O(XY), Z :={WY =0} = toric strata.

sing(Z) = crit(WV) = |J 1-dim. strata = union of P! and Al.
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Geometry Of (X\/, W\/) (Hori-Vafa, Clarke, Abouzaid-A-Katzarkov,

For an affine plane curve ¥ = {f(x,y) = 0} C (C*)?2, mirror:
XY = toric CY 3-fold determined by tropicalization of f,

WY e O(XY), Z :={WY =0} = toric strata.

sing(Z) = crit(WV) = |J 1-dim. strata = union of P! and Al.

Jeff Koons, Balloon
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Geometry of (XY, W) (Hori-Vafa, Clarke, Abouzaid-A-Katzarkov, ..

For an affine plane curve ¥ = {f(x,y) = 0} C (C*)?2, mirror:
XY = toric CY 3-fold determined by tropicalization of f,

WY e O(XY), Z :={WY =0} = toric strata.

sing(Z) = crit(WV) = |J 1-dim. strata = union of P! and Al.

Mirror decompositions: ¥ = G — (XY, WY) = (C3 —xy2) )

Theorem (Heather Lee)

For(T) ~ Iim{}'w, (|_| (G) = Fur (|_| 0:))} ~ D5 (XY, WY)  (pn(z)perr)

(Related work: Bocklandt, Gammage-Shende, Lekili-Polishchuk, ...)
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Geometry of (XY, W) (Hori-Vafa, Clarke, Abouzaid-A-Katzarkov, ..

For an affine plane curve ¥ = {f(x,y) = 0} C (C*)?2, mirror:
XY = toric CY 3-fold determined by tropicalization of f,

WY e O(XY), Z :={WY =0} = toric strata.

sing(Z) = crit(WV) = |J 1-dim. strata = union of P! and Al.

Mirror decompositions: ¥ = G — (XY, WY) = (C3 —xy2) )

Theorem (Heather Lee)

For(T) ~ Iim{}'w, (|_| (G) = Fur (|_| 0:))} ~ D5 (XY, WY)  (pn(z)perr)

(Related work: Bocklandt, Gammage-Shende, Lekili-Polishchuk, ...)

Theorem (Abouzaid-A.)

The converse also holds! F(XY, W) ~ DPCoh(X)

(A.-Efimov-Katzarkov in progress recasts the l.h.s. in terms of crit(WV) = |J 1-d strata)
(see also C. Cannizzo's thesis for curves in abelian surfaces)
(Abouzaid-A. also holds for X = hypersurface or c.i. in (C*)")
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V. WY) s Ly, HF(Lo, Ly) =~ (Abouzaid-A.)
(C* 2 D ]R2

(XY, WVY) mirror to X = f~1(0) C (C*)?
regular fibers of WV are mirror to (C*)?
(sing. fiber {WY = 0} = toric degeneration)
transport Lagr. in (C*)? over U-shape

> restrict sheaf from (C*)? to X

Objects: Lagrangians L C XV s.t. WY (L) = arc — +oc.
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F(XY,WY) > Ly, HF(Lo, Lo) =~ (Abouzaid-A.)

(C* 2 D R2
(XY, WY) mirror to X = f~1(0) C (C*)?
‘/ regular fibers of WV are mirror to (C*)?
(sing. fiber {WY = 0} = toric degeneration)
transport Lagr. in (C*)? over U-shape
h\ > restrict sheaf from (C*)? to X
C , ¢(Lo)

Lo

Objects: Lagrangians L C XV s.t. WV(L) = arc — +oco. Morphisms: Floer
cohomology, with perturbation H ~ r? along fibers of WY + small rotation of C.
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F(XY,WY) 3 Ly, HF(Lo, Lo) ~ O(X)

(Abouzaid-A.)

(C* 2 D R2
(XY, WVY) mirror to X = f~1(0) C (C*)?
‘/ regular fibers of WV are mirror to (C*)?
0 (sing. fiber {WY = 0} = toric degeneration)
transport Lagr. in (C*)? over U-shape
h\ ‘ > restrict sheaf from (C*)? to X
C , ¢(Lo)

Lo

Objects: Lagrangians L C XV s.t. WV(L) = arc — +oco. Morphisms: Floer
cohomology, with perturbation H ~ r? along fibers of WY + small rotation of C.

CF(Lo, Lo) = K[x*, y*e & K[x*',y™]0  deg(f) = -
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F(XY,WY) > Ly, HF(Lg, Lo) =~ O(X) (Abouzaid-A.)

(C* 2 D R2
(XY, WVY) mirror to X = f~1(0) C (C*)?
‘/ regular fibers of WV are mirror to (C*)?
9 (sing. fiber {WY = 0} = toric degeneration)
transport Lagr. in (C*)? over U-shape
h\ ‘ > restrict sheaf from (C*)? to X
C , ¢(Lo)

Lo

Objects: Lagrangians L C XV s.t. WV(L) = arc — +oco. Morphisms: Floer
cohomology, with perturbation H ~ r? along fibers of WY + small rotation of C.

CF(Lo, Lo) = K[x*, y*e & K[x*',y™]0  deg(f) = -

O(x?yP0) = x3yPf(x,y)e = | HF (Lo, Lo) ~ K[x*, y*=1]/(f) ~ End(Ox).

Ox generates D?(X); we expect Lo generates F(XY, WV).
(= then F(XV, W) ~ D?(X)...)
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